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Cartesian coordinate systemCartesian coordinate system
Is a system to uniquely determine the position of a point in space with respect to a reference point called “origin”. Each point
P is defined by the intersection between three perpendicular surfaces; the versors indicate the direction of a directed axis.f y p p f ; f
Each versor is perpendicular to one of the above surfaces and passes through the point P.

Cartesian coordinate system
z

i z

i y

i x

Pr ‐ determine the versors direction
‐ do not change their directions with changes of point P in space

, ,x y zi i i

( , , )P x y z≡

y

g g p p

x y zr xi yi zi= + + ‐ position vector

x xd S dydzi=
d S dxdzi=

Differential elements:

zi z zd S dxdyi=

zdzi

z

dl

x

y yd S dxdzi
z zd S dxdyi=

dV dxdydz=
x y zd l i dx i dy i dz= + +yi

dx

dz

x xd S dydzi=

y yd S dxdzi=

ydyi
P

xdxi

y
dl

3

xi dy
x xy

x

28/09/2011



Cylindrical coordinate system  (it is useful when the studied system is symmetric with respect to z axis)

Cylindrical coordinate systemCylindrical coordinate system

( , , )P zρ φ≡

z

φi
zi

P
‐ determine the versor directions
‐ change their directions from point to point, , zi i iρ φ

zr i ziρρ= + ‐ position vector

,ρ φi i
ρiz

P

r

z

d S d d iφ
Differential elements:

z
dS d dρ ρ φ=

y
φ

ρ

dS d dz
ρ

ρ φ=dS d dz
φ

ρ=

dS d dziρ ρρ φ=
dS d dziφ φρ=

z zd S d d iρ ρ φ=
dV d d dzρ ρ φ=
dl i d i d i dφ

x

x

y zdl i d i d i dzρ φρ ρ φ= + +

dφ
φ
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Spherical coordinate systemSpherical coordinate system
Spherical coordinate system  (it is useful when the studied system is symmetric with respect to origin)

‐ r denotes the distance from the origin
‐ indicate the direction of the P point location( , )θ φ( , , )P r θ φ≡

‐ determine the versors direction
‐change their directions from point to point

, ,ri i iθ φ

rr r i= ‐ position vector

z

d S r d driφ= 2

Differential elements:

r rd S r d driφ=
dS rsin drd iθ θθ φ=
dS rd driφ φθ=
dV r sin drd dθ θ φ= 2

dl i dr ri d rsin i dθ θ φ= + +

y

rdl i dr ri d rsin i dθ φθ θ φ= + +
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ExamplesExamples

S R

2
2 2

0 0

sin 4
S

S dS r d d R
π π

θ θ φ π= = =∫∫ ∫ ∫1. Sphere surface area:

2 Sphere volume:
2

2 34sin
R

V dV r drd d R
π π

θ θ φ π= = =∫∫∫ ∫ ∫ ∫

V

S R 2. Sphere volume:
0 0 0

sin
3V

V dV r drd d Rθ θ φ π= = =∫∫∫ ∫ ∫ ∫

3. Weight:
2

2

0 0 0

( ) ( , , ) sin
R

V

M P dV r r d d
π π

ρ ρ θ φ θ θ φ= =∫∫∫ ∫ ∫ ∫

4. Gauss law:
0 n

S V

e i dS Q dVε ρ⋅ = =∫ ∫∫∫S

L

ni

i Lli

dl

dl b
5. Electrostatic field: b

a b ae dl Φ Φ⋅ = −∫
dl

a
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Correspondence between coordinate systems (I) Correspondence between coordinate systems (I) 

z z
zi

i z

i y

i x

Pr ρi

φi
z

z

P

r

y y

zr

φ
ρ

Cartesian Cylindrical Spherical

x x
φ

Cartesian Cylindrical Spherical

sin cosr θ φ

sin sinr θ φ
cosρ φ
sinρ φy

x

xi cos sini iρ φφ φ− sin cos cos cos sinri i iθ φθ φ θ φ φ+ −
cosr θ

yi sin cosi iρ φφ φ+ sin sin cos sin cosri i iθ φθ φ θ φ φ+ +

zz
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zi zi cos sinri iθθ θ−

28/09/2011



z i z

Correspondence between coordinate systems (II) Correspondence between coordinate systems (II) 

ρi

φi
zi

z

P

r

i z

i y

i x

Pr

y

zr

φ
ρ y

C li d i l C i S h i l

x
φ x

Cylindrical Cartesian Spherical

ρ

φ arctan( / )y x

2 2x y+ sinr θ
φ

sin cosi iφ φ− +

cos sini iρ φφ φ−i ρ

i

cosr θ
sin cosri iθθ θ+

i

zz
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zi zi cos sinri iθθ θ−

sin cosx yi iφ φ+iφ iφ
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Correspondence between coordinate systems (III) Correspondence between coordinate systems (III) 

ρi

φi
zi

z

P

r

i z

i y

i x

Pr

y

zr

φ
ρy

Spherical Cartesian Cylindrical

x
φx

θ

2 2 2x y z+ + 2 2zρ +

1

2 2
cos z

zρ
−
⎛ ⎞
⎜ ⎟⎜ ⎟+⎝ ⎠

1

2 2 2
cos z

x y z
−
⎛ ⎞
⎜ ⎟⎜ ⎟+ +⎝ ⎠

r

φ

iθ
ri

φ

cos sin zi iρθ θ−

sin cosi iρ θθ θ+

1 ( / )tg x y−

sin cos sin sin cosx y zi i iθ φ θ φ θ+ +

cos cos cos sin sinx y zi i iθ φ θ φ θ+ −
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iφ iφ

θ zρ

sin cosx yi iφ φ− +
x y zφ φ
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Coordinate system correspondence Coordinate system correspondence ‐‐ exampleexample

Electric field intensityElectric field intensity

( ) ( )
2 2 2 3/2 2 2 22 2 2

0 0

1
4 ( ) 4 ( )

x y z x y zxi yi zi xi yi ziQ QE
x y z x y zx y zπε πε

+ + + +
= =

+ + + ++ +0 0 y

Cartesian coordinates

Q
Since charge has spherical symmetry:

2

0
4

QE r
rπε

=
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Spherical coordinates
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Vectors and Vectors Algebra (I)Vectors and Vectors Algebra (I)
Vector: is a geometric element represented by an oriented segment with an arrow at one

d H b th l th ( it d ) d di tiend. Has both length (magnitude) and direction.

magnitude
starting 
point directionpoint

V ddi iV ddi iVectors addition:Vectors addition:

a a b+ 2 2 2 cosa b a b ab θ+ = + −

bθ

Multiplication by a Scalar:Multiplication by a Scalar:

a
2a

a ‐vector

k ‐scalar
If:  0k > ka

0k < ka−

11

a−
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Vectors and Vectors Algebra (II)Vectors and Vectors Algebra (II)
Scalar product:Scalar product: cosa b ab θ⋅ =

a

bθ
a b b a⋅ = ⋅

0a b⋅ = if:  a b⊥

Properties:

EX: One important physical application of the scalar product is the calculation of work:
F

cosdW F dl Fd θ= ⋅ =

Vector product:Vector product: sina b ab θ× =

θ
dl

EX: vector product appears in the calculation

Work done by constant force, straight line motion

Vector product:Vector product:

b

a b×
sina b ab θ× =

( )a b c a c b c+ × = × + ×
a b a b× = − ×

EX: vector product appears in the calculation
of torque and in the calculation of the magnetic
force on a moving charge.

Properties:

aθ
0a b× = if:  a b

( ) ( ) ( )a b a b u vλ λ λ× = × = ×
( ) ( ) ( )a b c b a c c a b× × = ⋅ − ⋅

2( ) ( ) ( ) ( )( )b b b

12

2( ) ( ) ( ) ( )( )a b a c a b c a b a c× ⋅ × = ⋅ − ⋅ ⋅
sinF qv B qvB θ= × =sinr F rFτ θ= × =
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Boundary conditionsBoundary conditions

e

medium2

ni

1e

1tange

1norme

medium1

medium2

1 1norm 1tange e e= +
( ) ( )2 1× = ×n ni e i e

e e e= +
2tang 1tange e=

Boundary conditions of the tangent electric 

1 2n ni d i d⋅ = ⋅

2 2norm 2tange e e= +

Boundary conditions of the normal component of electric induction

1 11
d eε= ⋅

2 22
d eε= ⋅

1 21 2n ni e i eε ε⋅ = ⋅
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