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Plane waves

• Plane Waves in Time Domain
• Polarization
Pl W i F D i (i di i d l• Plane Waves in Frequency Domain (in dispersive and lossy

media)

07/10/2011 2



IntroductionIntroduction

One of the most important consequences of Maxwell’s equations is theOne of the most important consequences of Maxwell s equations is the
existence of electric and magnetic field perturbations that travels with a
finite velocity (in a material or even in free‐space).

A particular simple solution of Maxwell’s equations is the plane wave
solution; it allows introducing the fundamental parameters of
electromagnetic wave propagation:
a. propagation constant, phase and attenuation constants
b. wavelength
c. phase velocity
d d h dd. medium characteristic impedance
e. polarization

Plane waves are particularly important in applications where thePlane waves are particularly important in applications where the
electromagnetic field distribution, sufficiently far away from the source, can
be effectively approximated by a local plane wave.
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Plane Waves  (time domain)Plane Waves  (time domain)
Assumptions: free‐space medium (linear, isotropic, homogeneous and non dispersive) with no charges
(ρ=0) and no currents (j=0) A non vanishing solution can be obtained due to the presence of sources(ρ=0) and no currents (j=0). A non‐vanishing solution can be obtained due to the presence of sources
located outside the volume where Maxwell’s equations are going to be solved.
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A further assumption:  electric and magnetic fields are independent of x and y
coordinates (looking for a  solution only dependent on z: PLANE WAVE SOLUTION)
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Plane Waves  (time domain)Plane Waves  (time domain)
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Wave equation (Wave equation (D’Alambert’sD’Alambert’s equation)equation)
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Wave equation (Wave equation (D’Alambert’sD’Alambert’s equation)equation)
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Plane Waves Plane Waves –– properties (forward wave)properties (forward wave)
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The instantaneous electric field can vary arbitrarily in time while magnetic field vector (amplitude 
and direction)  will satisfy above conditions at any time and for any observation point
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Plane Waves Plane Waves –– properties (backward wave)properties (backward wave)
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The instantaneous electric field can vary arbitrarily in time while magnetic field vector (amplitude 
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Plane Waves Plane Waves –– propertiesproperties

Electric field and magnetic field are constant on any plane perpendicular tof g f y p p p
the plane wave propagation direction.
The (finite) perturbation propagation velocity is
The electric and magnetic fields are related by the medium characteristic impedance
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Plane Waves Plane Waves –– example: sinusoidal signalsexample: sinusoidal signals

x cλ
e

z

0
hζ

y

2π⎡ ⎤ ( ) ( )2 2 2cos cos cose b z ct b z t b t zπ π π ω β⎡ ⎤ ⎡ ⎤= − = − = −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦( )2cos

0; 0

x

y z

e b z ct

e e

π
λ

⎡ ⎤= −⎢ ⎥⎣ ⎦
= = /T cλ= time period

( ) ( )x T
β

λ λ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

2 / 2T fω π π= =
2πβ h

0 0

1c
ε µ

=
πβ
λ

= phase constant

( )cos
x

e b t zω β= − ( )0 cos
x

z e b tω= → =
2 1λ

0
0; ; 0

x y y z
h h e hζ= = − =
For magnetic field: ( ) ( )2 1 cos / 2 sin

4 4 x
z e b t b tλ π ω π ω

β
= = ⋅ → = − =

2 c
f

πλ
β

= = Electromagnetic wavelength = spatial period

07/10/2011 11



Linear PolarizationLinear Polarization
Polarization=determines the orientation of the electric field in a fixed spatial plane orthogonal
to the direction of the propagation.
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Circular PolarizationCircular Polarization

& / 2a b δ π= = ± Circular Polarization 
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Elliptical PolarizationElliptical Polarization

& / 2a b δ π≠ ≠ ± Elliptical Polarization 
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Plane Wave PolarizationPlane Wave Polarization
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Plane Wave PolarizationPlane Wave Polarization

Linear Linear –– CircularCircular‐‐ Elliptical Polarization AnimationElliptical Polarization Animation

http://www.youtube.com/watch?v=Q0qrU4nprB0
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Plane Waves Plane Waves –– Frequency Domain solutionFrequency Domain solution

Frequency domain analysis allows to study EM propagation in dissipative and dispersive medium
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Plane Waves Plane Waves –– Frequency Domain solutionFrequency Domain solution

( , ) ( ) ( , )E r j H rω ωµ ω ω∇× = −⎧
⎪( , ) 0 & ( , ) 0J r rω ρ ω= = ( , ) ( ) ( , )

( , ) 0
( , ) 0

H r j E r
E r
H r

ω ωε ω ω
ω
ω

⎪∇× =⎪
⎨∇ ⋅ =⎪
⎪∇ ⋅ =⎩

Assumption:

( , )⎩

1 ( , ) ( , )
( )

E r H r
j

ω ω
ωµ ω
−⎧ ∇× =⎪⎪

⎨

( ) ( )( )

( )1 ( , ) ( ) ( , )
( )

E r j E r
j

ω ωε ω ω
ωµ ω

⎨ −⎪ ∇× ∇× =
⎪⎩

( )2 2( , ) ( , ) ( ) ( ) ( , )E r E r E rω ω ω ε ω µ ω ω−∇ +∇ ∇ ⋅ =

( ) ( )( )2 A A A∇ =∇ ∇ ⋅ −∇× ∇×

( )( ) ( ) ( ) ( ) ( )µ

( , ) 0E r ω∇⋅ =
=0

2 2( , ) ( ) ( ) ( , ) 0E r E rω ω ε ω µ ω ω∇ + =

07/10/2011 18



Plane Waves Plane Waves –– Frequency Domain solutionFrequency Domain solution
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2 2( , ) ( , ) 0E r k E rω ω∇ + = ( ) ( )k ω ε ω µ ω=
Helmholtz s Equations

Propagation constant
2 2( , ) ( , ) 0H r k H rω ω∇ + =
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Helmholtz’s equation solutionHelmholtz’s equation solution
2 2( , ) ( , ) 0E r k E rω ω∇ + =

2 2 2 2( , ) ( , ) ( , ) ( , )x y zx y zE r E r i E r i E r iω ω ω ω∇ =∇ +∇ +∇In a rectangular coordinate system:

( ) ( )( )2 A A A∇ =∇ ∇⋅ −∇× ∇×

Consider only the component along x:

2 2( , ) ( , ) 0
x x

E r k E rω ω∇ + =
2 2 2

2

2 2 2

( , ) ( , ) ( , ) ( , ) 0x x x
x

E r E r E r k E r
x y z
ω ω ω ω∂ ∂ ∂

+ + + =
∂ ∂ ∂2 2 2

2 φ φ φφ
⎛ ⎞∂ ∂ ∂
∇ = + +⎜ ⎟

Assumption : ( , ) ( , )E r E zω ω=

2 2 2x y z
φ∇ = + +⎜ ⎟∂ ∂ ∂⎝ ⎠

(looking for a solution only dependent on z: PLANE WAVE SOLUTION)

2
2

2

( , ) ( , ) 0x
x

E z k E z
z
ω ω∂

+ =
∂

( , ) jkz jkz

x x xE z E e E eω + − −= +

(looking for a  solution only dependent on z: PLANE WAVE SOLUTION)

In a similar way, it can be shown that:
( , ) jkz jkz

y y yE z E e E eω + − −= +

( , ) jkz jkz

x x xH z H e H eω + − −= +

( , ) jkz jkz

y y yH z H e H eω + − −= +
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Helmholtz’s equation solutionHelmholtz’s equation solution

( , ) ( ) ( , )E z j H zω ωµ ω ω∇× = −⎧ ( , ) ( ) ( , )
( , ) ( ) ( , )

( , ) 0
( ) 0

E z j H z
H z j E z

E z
H z

ω ωµ ω ω
ω ωε ω ω
ω
ω

∇×⎧
⎪∇× =⎪
⎨∇ ⋅ =⎪
⎪∇ =⎩ ( , ) 0H z ω⎪∇ ⋅ =⎩

x y z
i i i

E E∂∂ ∂( , ) 0 0 ( ) ( , )y x
x y

x y z

E EE z i i j H z
z z z

E E E

ω ωµ ω ω
∂∂ ∂

∇× = = − + = −
∂ ∂ ∂

0E = 0H =

( , ) 0 0 ( ) ( , )

x y z

y x
x y

i i i
H HH z i i j E z

z z z
ω ωε ω ω

∂∂ ∂
∇× = = − + =

∂ ∂ ∂

z z

x y z
H H H

Field components along the propagation direction must vanishp g p p g

07/10/2011 21



Helmholtz’s equation solutionHelmholtz’s equation solution
( , ) ( , )x

E z j H zω ωµ ω∂⎧ = −⎪⎪ ( ) jkz jkzE E E+ − −+( , )

( , )
( , )

y

y

x

j H z
z

H z
j E z

z

ωµ ω

ω
ωε ω

⎪⎪ ∂
⎨ ∂⎪− =
⎪ ∂⎩

x y

x y

E H
E H

ζ
ζ

+ +

− −

=

= −

( , ) jkz jkz

x x xE z E e E eω += +

( , ) jkz jkzx x
y

E EH z e eω
ζ ζ

+ −

−= −

( , )
( , )y

x

E z
j H z

z
ω

ωµ ω
∂⎧

=⎪⎪ ∂
⎨

( , ) jkz jkz

x x xE z E e E eω + − −= +
y x

E Hζ+ += −

( , ) ( , )x
y x

H z j E z
z
ω ωε ω

⎨
∂⎪ =

⎪ ∂⎩
( , ) jkz jkzx x

y

E EH z e eω
ζ ζ

+ −

−= −y xE Hζ− −=

/ R jXζ µ ε= = + Medium characteristic impedance

( ) ( )k jω ε ω µ ω β α= = − β
α
‐ Phase constant
‐ Attenuation constant

( )jkz j j z j z ze e e eβ α β α− − − − −= =

k ω εµ β= =If 0α = (lossless medium, µ and ε real): 
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Plane Waves Plane Waves –– phase velocityphase velocity
Back to
time domain:

{ } { }( , ) Re Re cos( )xjjkz j t z j t j z z

x x x x x
e z t E e e E e e e e E e t zφω α ω β α ω β φ+−+ − + − − + − += = = − +

time domain:
{ } { }

( , )
x

z t t zφ ω β φ += − + (phase of             )( , )xe z t Consider φ at (z,t) and (z+Δz,t+Δt):

[ ]( ) ( ) ( )t t z z t z t zφ ω β ω β ω β∆ = + ∆ + ∆ = ∆ ∆ 0 z ωφ ∆
∆ ⇔[ ]0 0

( ) ( ) ( )t t z z t z t zφ ω β ω β ω β∆ = + ∆ − + ∆ − − = ∆ − ∆ 0
t

φ
β

∆ = ⇔ =
∆

f

zv
t

ω
β

∆
= =
∆

( , )
x

e z t
t β∆

Phase velocity v ω ω
= =

0
t t∆+0

t
λ

Phase velocity
{ }Refv
kβ

z

f
z v t∆ ∆=

2 f
v
f

πλ
β

= = Electromagnetic wavelength = spatial period
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Plane Waves Plane Waves –– phase velocityphase velocity

Back to { } { }( ) Re Re cos( )xjjkz j t z j t j z ze z t E e e E e e e e E e t zφω α ω β α ω β φ+−+ − + − − + − += = = − +
time domain:

{ } { }( , ) Re Re cos( )
x x x x x

e z t E e e E e e e e E e t zω β φ+

( , )
x

z t t zφ ω β φ += − + (phase of             )( , )xe z t( , )
x

e z t

T
0

z z=

( )0 cos
x

z e b tω= → =

( ) ( )2 1 cos / 2 sin
4 4 x

z e b t b tλ π ω π ω
β

= = ⋅ → = − =

t/ 4z z λ= +

β

0
/ 4z z λ+

1

1ω

Free‐space  ( )0 0
,ε µ 8

0 0

1 3 10 / sec
f

v c m
ε µ

= = ≅ ⋅

1
( ) ( ) ( ) ( )fv ω

ω ε ω µ ω ε ω µ ω
=If  (lossless medium, µ and ε are real): 0α =
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Plane Waves Plane Waves –– propertiesproperties

( ) jkz jkzE z E e E eω + − −= + ( ) jkz jkzE z E e E eω + − −= +

y x
E Hζ+ += −x yE Hζ+ +=

( , )x x xE z E e E eω = + ( , )
y y y

E z E e E eω = +

x yE Hζ− −= −
y xE Hζ− −=

( ) / /jk jkζ ζ k k( , ) / /jkz jkz

y x x
H z E e E eω ζ ζ+ − −= − ( , ) / /jkz jkz

x y y
H z E e E eω ζ ζ+ − −= − +

0
z

E = 0H = / R jXζ µ ε= = +
0E H• =

E
H

ζ=

1.

2.

z z / R jXζ µ ε +

( ) ( )k jω ε ω µ ω β α= = − β
α
‐ Phase constant
‐ Attenuation constant

[rad/m]

[m‐1] or 
[Neper/m] 

H
10 ( ) z zz forward wave H i E E H iζ
ζ

> → = × ⇒ = ×

10 ( ) ( ) ( )b k d H i E E H iζ
3.

0 ( ) ( ) ( )z zz backward wave H i E E H iζ
ζ

< → = − × ⇒ = × −

Dielectric medium 0 0r
β ω ε ε µ= f

cv
ε

=02 c
f

π λλ
β ε ε

= = =
with µ and ε real: 

( )0 0 0
/ /

r r
ζ µ ε ε ζ ε= =

r
r rfβ ε ε
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Plane waves in a conductor  Plane waves in a conductor  

effH j E E j E j E
j
σωε σ ω ε ωε

⎛ ⎞
∇× = + = + =⎜ ⎟

⎝ ⎠

1eff j
σε ε
ωε

⎛ ⎞
= +⎜ ⎟

⎝ ⎠

H j Eωε∇× =Dielectric: σ=0

Conductor: σ≠0
effjω⎜ ⎟

⎝ ⎠
j⎝ ⎠

( , ) jkz jkz

x x xE z E e E eω + − −= + ( , ) jkz jkz

y y y
E z E e E eω + − −= +

y xE Hζ+ += −x yE Hζ+ += x yE Hζ− −= −
y xE Hζ− −=

( , ) / /jkz jkzH z E e E eω ζ ζ+ − −= − ( , ) / /jkz jkzH z E e E eω ζ ζ+ − −= − +( , )
y x x

ζ ζ ( , )
x y y

ζ ζ

0zE = 0zH =
⎡ ⎤⎛ ⎞

/ / 1eff R jX
j
σζ µ ε µ ε
ωε

⎡ ⎤⎛ ⎞
= = + = +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
σ⎡ ⎤⎛ ⎞ β Ph
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1k j
j
σω µε ω µ ε β α
ωε

⎡ ⎤⎛ ⎞
= = + = −⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦

β
α
‐ Phase constant
‐ Attenuation constant



• characteristic impedance 0
µ µζ = =

⎛ ⎞

CConductor propagation constantonductor propagation constant

p

• propagation constant

2
0

0

1eff

r

r

j
ζ

ε σε ε
ωε ε

⎛ ⎞
−⎜ ⎟

⎝ ⎠

1k j jσω µε ω ε ε µ β α
⎛ ⎞

= = =⎜ ⎟• propagation constant
0 0

0

1eff r

r

k j jω µε ω ε ε µ β α
ωε ε

= = − = −⎜ ⎟
⎝ ⎠

( ) ( )Re Re
2 2

z z z z
z j

⎛ ⎞+ −
= −⎜ ⎟

⎜ ⎟
⎝ ⎠

2

0 0 1 1
2

r
µ ε ε σβ ω

ωε ε

⎛ ⎞⎛ ⎞⎜ ⎟= + +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

2

2 /

1 1r

c fπλ
β ε σ

= =
⎛ ⎞

+ +⎜ ⎟

2 2⎜ ⎟
⎝ ⎠

0
2

r
ωε ε⎜ ⎟⎝ ⎠⎝ ⎠

0

1 1
2

r

r
ωε ε

+ +⎜ ⎟
⎝ ⎠

2

µ ε ε σ⎛ ⎞⎛ ⎞⎜ ⎟
1/ cδ α= =

⎛ ⎞0 0

0

1 1
2

r

r

µ ε ε σα ω
ωε ε
⎛ ⎞⎜ ⎟= + −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

2

0
1 1

2
r

r

ε σω
ωε ε

⎛ ⎞⎛ ⎞⎜ ⎟+ −⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
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( ) 1 1 /ze z e eα δ− −= = = (about 0.37 or ‐8.69dB) 



σ

GGood ood conductor conductor 

j jσ σµ σµω⎛ ⎞

0

1
r

σ
ωε ε

>>

0 0
0 0

0

1 2
2r

r

j jk jσ σµ σµωω µ ε ε ω
ωε ε ω

⎛ ⎞ −
= − ≅ = −⎜ ⎟

⎝ ⎠

0 0 0 2 jµ µ ωµζ

propagation constant:

0 0 0

0

0

2
2

1r

r

j
j

j

µ µ µζ
σ σσε ε ωωε ε

= ≅ =
⎛ ⎞ ⎛ ⎞−− ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

characteristic impedance:

( )2

1 2j j− = − ( )2

1 2j j+ =&
0 (1 )

2
k j jσµ ω β α≅ − = −

1

0

2
σµ ωβ α= =

0 1(1 ) (1 ) (1 )
2 sj j R jµ ωζ
σ σδ

≅ + = + = +

2δ = Good‐conductor Good‐conductor1R
0

ωµ σ
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penetration depth surface resistivitysR
σδ

=



Low losses material Low losses material 

0

1
r

σ
ωε ε

<<

2 / f2 /

r

c fπλ
β ε

= ≅

01 jk jσ ω σ µ⎛ ⎞
⎜ ⎟

0

0

1 2 rε εδ
α σ µ

= ≅

0
0 0

0 0

1
2 2r r

r r

jk j
c

µω µ ε ε ε
ωε ε ε ε

= − ≅ −⎜ ⎟
⎝ ⎠

0 0
0

0 0

0

0

1 /
2

1
r

r r

r

r

j
j

µ µ σζ ζ ε
ε ε ωε εσε ε

ωε ε

⎛ ⎞
= ≅ + ≅⎜ ⎟⎛ ⎞ ⎝ ⎠−⎜ ⎟

⎝ ⎠⎝ ⎠
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Penetration Depth: examples Penetration Depth: examples 

Material Frequency Conductivity [S/m] Depth penetration [mm]

Aluminum 100Hz 3.54*10^7 8.5

10GHz 3.54*10^7 0.85*10^‐3

Blood 900MHz 1.5379 27.8

2.4GHz 2.5024 0.0164

Fat 900MHz 0.0510 244.12

2.4GHz 0.10235 119.56

Sea water 300Hz 5 1300

Penetration depth explains the skin effect: while the frequency increases, the
penetration depth decreases, and the currents only flow on the conductor surface.
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